A COMBINATORIAL RECIPROCITY THEOREM FOR 
\q ■ HYPERPLANE ARRANGEMENTS 
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O Abstract. Given a nonnegative integer m and a finite collection A of linear 
forms on Q d , the arrangement of affine hyperplanes in Q d denned by the 
i equations a(x) = k for a £ A and integers k G [—m,m] is denoted by A m ■ 

It is proved that the coefficients of the characteristic polynomial of A m are 
quasi-polynomials in m and that they satisfy a simple combinatorial reciprocity 
law. 

o 

u 

1. Introduction 

-t— » 

Let V be a d-dimensional vector space over the field Q of rational numbers and 
A be a finite collection of linear forms on V which spans the dual vector space 
V * . We denote by A m the essential arrangement of affine hyperplanes in V defined 
by the equations a(x) = k for a G A and integers k G [— m,m] (we refer to 
[5lll2| for background on hyperplane arrangements). Thus A consists of the linear 
hyperplanes which are the kernels of the forms in A and A m is a deformation of 
A , in the sense of 0Hj . 

■ The characteristic polynomial |BJ Section 2.3] |12l Section 1.3] of A m , denoted 

Xa(<1i m)t is a fundamental combinatorial and topological invariant which can be 
expressed as 

O 

*Q ; (i) XA(q,m) = c *( m )<i l 



We will be concerned with the behavior of xa(q, m ) as a function of m. Let N := 
{0, 1, . . . } and recall that a function / : N — > R is called a quasi-polynomial with 
period N if there exist polynomials fx, f 2 , ■ ■ ■ , /n ■ N — > K such that f(m) = fi{m) 



■ for all m G N with m = i (mod N). The degree of / is the maximum of the degrees 

of the /j. Our main result is the following theorem. 

C3 ] 

Theorem 1.1. Under the previous assumptions on A, the coefficient Ci(m) of q % in 
X^(g,m) is a quasi-polynomial in m of degree at most d — i. Moreover, the degree 
of Co (m) is equal to d and 

(2) XA(q, -m) = {-l) d XA(-q, m - 1). 

In particular we have xa(i? ~ 1) = ( — l) d X^( — ?)> where Xa(q) is the character- 
istic polynomial of ^4°. Let A^ denote the arrangement of affine hyperplanes in the 
real d-dimensional vector space Vk — V^®qR defined by the same equations defining 
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the hyperplanes of A m . Let r^(m) = (— l) d x^(— 1, to) and 6.4(771) = (— l) d X-4(L m) 
so that, for to £E N, rvi(m) and bj. (m) count the number of regions and bounded re- 
gions, respectively, into which Vr is dissected by the hyperplanes of A^ ^0 Section 
2.2] [S]. 

Corollary 1.2. Under the previous assumptions on A. the function r_^(m) is a 
quasi-polynomial in to of degree d and, for all positive integers to, (— 1) r^(— m) is 
equal to the number b_^(m — 1) of bounded regions of A^~ . 

Theorem II .11 and its corollary belong to a family of results demonstrating some 
kind of combinatorial reciprocity law; see for a systematic treatment of such 
phenomena. Not surprisingly, the proof given in Section [21 is a simple application 
of the main results of Ehrhart theory |1 II Section 4.6]. More specifically, equation 
(PJ will follow from the reciprocity theorem ^2 Theorem 4.6.26] for the Ehrhart 
quasi-polynomial of a rational polytope. An expression for the coefficient of the 
leading term m d of either co(to) or r^m) is also derived in that section. Some 
examples, including the motivating example in which A^ is the arrangement of 
reflecting hyperplanes of a Weyl group, and remarks are discussed in Section [3] 
In the remainder of this section we give some background on characteristic and 
Ehrhart (quasi-) polynomials needed in Section|21 We will denote by #S or \S\ the 
cardinality of a finite set S. 

Arrangements of hyperplanes. Let V be a d-dimensional vector space over a field K. 
An arrangement of hyperplanes in V is a finite collection TL of affine subspaces of V 
of codimension one (we will allow this collection to be a multiset). The intersection 
poset of TL is the set L-j-c = {n T : T C TL) of all intersections of subcollections of 
TL, partially ordered by reverse inclusion. It has a unique minimal element = V , 
corresponding to the subcollection T = 0. The characteristic polynomial of TL is 
defined by 

(3) Xn(q) = £ Kx)q dimx 
where stands for the Mobius function on Lh defined by 

Ji, if x = 6 

{-z2 y<x Ky), otherwise. 
Equivalently Lemma 2.55] we have 

(4) Xn (q) =£(-l)#0gdMn<n 

where the sum is over all Q C TL with (~l Q ^ 0. 

In the case IK = M, the connected components of the space obtained from V by 
removing the hyperplanes of TL are called regions of TL. A region is bounded if it is 
a bounded subset of V with respect to a usual Euclidean metric. 

Ehrhart quasi-polynomials. A convex polytope P C R™ is said to be a rational 
or integral polytope if all its vertices have rational or integral coordinates, respec- 
tively. If P is rational and P° is its relative interior then the functions defined for 
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i(P,m) = #(mPnZ") 
i(P,m) = #(mP° HZ n ) 



nonnegative integers m by the formulas 
(5) 

are quasi-polynomials in m of degree d = 
theorem Theorem 4.6.26] 



dim(P), related by the Ehrhart reciprocity 



(6) i(P,-m) = (-l) d i(P,m). 

The function i(P,m) is called the Ehrhart quasi-polynomial of P. The coefficient 
of the leading term m d in either i(P,m) or i(P,m) is a constant equal to the 
normalized (i-dimensional volume of P (meaning the d-dimensional volume of P 
normalized with respect to the affinc lattice Vp fl Z™ , where Vp is the affine span of 
P in R"). If P is an integral polytope then i(P, m) is a polynomial in m of degree 
d, called the Ehrhart polynomial of P. 



2. Proof of Theorem 11.11 

In this section we prove Theorem II . II and Corollary 11.21 and derive a formula for 
the coefficient of the leading term m d of rj\.(m). In what follows A is as in the 
beginning of Section We use the notation [a, b] — {x € K : a < x < b} and 
[a, b]z = [a, b] n Z for a, 6 £ Z with a < b. 

Proof of Theorem \l.l\ and Corollarv M.SX Using formula Q we get 
(7) XA-(Q) = E (-l) # V im(ne) 

where the sum is over all Q C .A m with n<5 7^ 0. Clearly for this to happen Q 
must contain at most one hyperplane of the form a(x) = k for each a 6 A. In 
other words we must have Q = Th for some T C A and map b : T — > [— m, m]z 
sending a to 6 Q , where .Fj consists of the hyperplanes a (a;) = fe Q for a e J. Let 
us denote by dim T the dimension of the linear span of T in V* and observe that 
dim((~l J-b) = d— dim .7-" whenever n Fb is nonempty. From the previous observations 
and JJJ we get 



3u(g,m) = E E (-l)#^g dim(n ^ 

= E (-l) # ^g d - dim ^ #{6 : F -» [-m, m] z , nf 6 / 0}. 



Let us write .F = {ai, a^, ■ • ■ , a„} and 6, = b ai , so that 6 can be identified with 
a column vector in Q". Then flFfe is nonempty if and only if the linear system 
oti{x) = bi, 1 < i < n, has a solution in Q d or, equivalently, if and only if b lies in 
the image ImTjr of the linear transformation TV : Q d — > Q" mapping 1 e Q d to 
the column vector in Q™ with coordinates ai(x), 0:2(2;), ■ ■ • , ot n (x). It follows that 



4 



CHRISTOS A. ATHANASIADIS 



#{b:T^ [-m,m] z , nF b ^$} = # ImT^ n ([-to, m] z ) B 

= #imr r n[-m,m] n nz n 

= # (m(Im2>n[-l,l] n )nZ B ) 
= # (mP r n Z") 
= i(Pr,m) 

where Pjr = (Im7> ®q R) n [— 1, 1]", and hence that 

(8) XA(q,m) = (-l)#V" dim ^ i{Pr,m). 

Equivalently we have 

(9) c t (m) = ]T (-lf^iiP^m) 

T*ZA 
dim p—d—i 

for < i < d, where the Cj(m) are as in QJ. Clearly Pjr is a rational convex polytope 
of dimension dim(Imiy) = dim T and hence i(Pjr 1 m) is a quasi-polynomial in m 
of degree dim T . It follows from that Cj (to) is a quasi-polynomial in m of degree 
at most d — i and that ^(to) = Ylj—p ( — l) d ~ 1 q(to) is a quasi-polynomial in to of 
degree at most d. Moreover we have r^(m) > (2to + 2) for m > since A contains 
d linearly independent forms and the corresponding hyperplanes of A^ dissect Vs. 
into (2m + 2) d regions. It follows that the degree of r^(m) is no less than d, which 
implies that the degrees of r^(m) and co(to) are, in fact, equal to d. 

It remains to prove the reciprocity relation (0. For T C A with #JF = n let 
W> be the real linear subspace Im7> ® Q E of R™, so that P r = Wjr n [-1, l] n . We 
have 



mP£ nz n = (W>n [-m,m]™)° nz" 

= W>n[-(m-l),m-lfnZ n 
= (m - 1)Pf n Z" 

and hence i{Pp,m) — i(Pjr, m — 1). The Ehrhart reciprocity theorem QBJ implies 
that 

(10) i{Pr,-m) = (-l) dim ^(P^,m-l). 

Equation (0 follows from JBJ and JUJ- □ 

The following corollary is an immediate consequence of the case i = of © , the 



equation rj\{m) = ^i=o ( — 1 ' c i{ m ) an d the fact that the degree of Cj(m) is less 



than d for 1 < i < d. 

Corollary 2.1. T/ie coefficient of the leading term m d in rj({m) is equal to the 
expression 

£ (-l)^vol d (P^), 

dim J-—d 

where P? is as in the proof of Theorem and voL^Pjr) is the normalized d- 
dimensional volume of Pp. □ 
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3. Examples and remarks 

In this section we list a few examples, questions and remarks. 

Example 3.1. If V = Q and A consists of two forms a±,a2 ■ V — » Q with 
a\(x) — x and a2{x) = 2x for x G V then A m consists of the afhne hyperplanes 
(points) in V defined by the equations x — k and x — k/2 for k G [— m, m\%. One 
can check that 

{q — 3m — 1 , if m is even 
q — 3m — 2, if m is odd 

and that J2J holds. Moreover we have 



r A (m) 




2, if m is even 

3, if m is odd. 



Note that vold(P^) takes the values 2, 2 and 1 when T — {cti}, {0^2} and {ai, a^}, 
respectively. 

Example 3.2. If V = Q d and A consists of the coordinate functions ai(x) = Xi for 
1 < i < d then A m consists of the affine hyperplanes in V given by the equations 
Xi = k with 1 < i < d, k G [— m,m]z and x^(<z, m) = (g — 2m — l) d , which is a 
polynomial in q and m satisfying J3J. 

Example 3.3. Let $ be a finite, irreducible, crystallographic root system spanning 
the Euclidean space R d , endowed with the standard inner product ( , ) (we refer 
to 0JO3|7] for background on root systems). Fix a positive system $ + and let Q$ 
and W be the coroot lattice and Weyl group, respectively, corresponding to Let 
also A^ denote the mth generalized Catalan arrangement associated to $ El E] ; 
consisting of the affine hyperplanes in M. d defined by the equations (a, x) = k for 
a G $ + and k G [— m, m]z (so that ^4^, is the real reflection arrangement associated 
to <&). If V is the Q-span of Q$ then there exists a finite collection A of linear 
forms on V (one for each root in $ + ) such that, in the notation of Section ^ 
coincides with A$ l . In 2, Theorem 1.2] a uniform proof was given of the formula 

,/ 

(11) XA(q,m) = Y[ (q - mh - e i) 

i=l 

for the characteristic polynomial of A 7 £ , where ei, eg, . . . , are the exponents and 
h is the Coxeter number of $. Thus the reciprocity law @ in this case is equivalent 
to the well-known fact [5J Section V.6.2] 7, Lemma 3.16] that the numbers h — 
are a permutation of the e^. As was already deduced in |21 Corollary 1.3], it follows 
from (fTT|> that 

d 

rA{m) = Y[ (rnh + e l + 1) 

i=l 

and 

d 

b A (™>) = Yl ( mh + e « _ !) 

i=l 

are polynomials in m of degree d (a fact which was the main motivation behind this 
paper). Setting N(&, m) = r^(m) and A r+ ($, m) = i^py b^(m), as in |!3E1> our 
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Corollary 11.21 implies that 

(12) (-l) d iV($,-m) = N+(<P,m-l). 

It was suggested in 6, Remark 12.5] that this equality, first observed in @ (2.12)], 
may be an instance of Ehrhart reciprocity. This was confirmed in Section 7] 
using an approach which is different from the one followed in this paper. Finally 
we note that Corollary 12 . II specializes to the curious identity 

(13) h d = ^(-l)# F - d vol d (P F ) 

F 

where in the sum on the right hand-side F runs through all subsets a%, . . . , a n } 
of $ + spanning R d , Pp is the intersection of the cube [—1,1]" with the image of 
the linear transformation Tp '• M — > l n mapping x £ M. d to the column vector 
in M™ with coordinates (ai,x), (a2,x), . . . , (a n ,x) and vo1<j(Pf) is the normalized 
d-dimensional volume of Pp. If $ has type Ad in the Cartan-Killing classification 
then i|13|) translates to the equation 

(14) (d +l) d = Y, (-iy (G) - d vol d (Q G ) 

G 

where in the sum on the right hand-side G runs through all connected simple graphs 
on the vertex set {1, 2, . . . , d + 1}, e(G) is the number of edges of G and Qa is the 
rf-dimcnsional polytopc in M. d defined in the following way. Let r be a spanning tree 
of G with edges labelled in a one to one fashion with the variables Xi,x%, . . . , Xd- 
For any edge e of G which is not an edge of T let R e be the region of M. d defined by 
the inequalities — 1 < Xi x + Xi 2 + ■ ■ ■ + Xi k < 1, where x^ , Xi 2 , . . . , Xi k are the labels 
of the edges (other than e) of the fundamental cycle of the graph obtained from T 
by adding the edge e. The polytope Qa is the intersection of the cube [— 1, l] d and 
the regions R e . 

Remark 3.4. It is well-known |121 Corollary 3.5] that the coefficients of the char- 
acteristic polynomial of a hyperplane arrangement strictly alternate in sign. As 
a consequence, in the notation of 0J, we have (— l) d ~ l Ci(m) > for all m G N 
and < i < d. We do not know of an example of a collection A of forms for a 
which a negative number appears among the coefficients of the quasi-polynomials 
(-l) d -* Ci (m). 

Remark 3.5. If the matrix defined by the forms in A with respect to some basis of 
V is integral and totally unimodular, meaning that all its minors are —1, or 1, then 
the polytopes P? in the proof of Theorem l 1 . II are integral and, as a consequence, the 
functions Cj(m) and r^(m) are polynomials in m. This assumption on A is satisfied 
in the case of graphical arrangements, that is when A consists of the forms Xi — Xj 
on Q r , where 1 < i < j • < r, corresponding to the edges {i,j} of a simple graph 
G on the vertex set {1,2, ... ,r}. The degree of the polynomial ra(Tn) := r^(m) is 
equal to the dimension of the linear span of A, in other words to the rank of the 
cycle matroid of G. 

Remark 3.6. Let A and H be finite collections of linear forms on a d-dimensional 
Q- vector space V spanning V*. Using the notation of Section let H m denote the 
union of A^ with the linear arrangement Wjjj. It follows from Theorem 11.11 the 
Deletion-Restriction theorem Theorem 2.56] and induction on the cardinality of 
Ji that the function r(H. m ) is a quasi-polynomial in m of degree d. Given a region 
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R of Tig, let rB.(m) denote the number of regions of Tt m which are contained in R, 
so that 

r(H m ) = ^2 r R (m) 

R 

where R runs through the set of all regions of Ttg_. Is the function rfj(m) always a 
quasi-polynomial in ml 
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